Isometries and isometric equivalence of hermitian operators on A1,p(X)  by Gal, Nadia J. & Jamison, James
J. Math. Anal. Appl. 339 (2008) 225–239
www.elsevier.com/locate/jmaa
Isometries and isometric equivalence of hermitian operators
on A1,p(X)
Nadia J. Gal ∗, James Jamison
The University of Memphis, Department of Mathematical Sciences, Memphis, TN 38152, USA
Received 3 October 2006
Available online 6 July 2007
Submitted by J. Diestel
Abstract
Let X be a separable complex Banach space with no nontrivial L1-projections and not isometrically isomorphic to Lp([0,1],X),
where 1 < p < ∞, p = 2. The space A1,p(X) is defined to be the set of all absolutely continuous functions f : [0,1] → X
such that df
dx
exist a.e. on (0,1) and belongs to Lp([0,1],X). If f ∈ A1,p(X), the norm of f on this space is defined to be
|||f ||| = ‖f (0)‖X + ‖f ′‖Lp([0,1],X). We prove that if T is a surjective isometry T of A1,p(X), then T is given by Tf (x) =
T0f (0)+
∫ x
0 U(f
′)(t) dt , where T0 is a surjective isometry of X and U is a surjective isometry of Lp([0,1],X). We also give the
form of a hermitian operators on A1,p(X). In addition, if we assume that X is not the lp-direct sum of two nonzero Banach spaces
(for the same p), we obtain the conditions of isometric equivalence of two hermitian operators on A1,p(X).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The space A1,p(X), where X is a separable complex Banach space and 1 < p < ∞, p = 2, consists of all ab-
solutely continuous functions f : [0,1] → X such that df
dx
exist a.e. on (0,1) and belongs to Lp([0,1],X) (see Barbu
and Precupanu [1, p. 50]). The norm of f ∈ A1,p(X) is defined by
|||f ||| = ∥∥f (0)∥∥
X
+ ∥∥f ′∥∥
p
,
where ‖f ‖p = ‖f ‖Lp([0,1],X).
We determine first the form of the surjective isometries on this vector valued function space. We find that the form of
these operators is quite different from the results found by Cambern [5], Greim [8], Jamison and Loomis [9], and Beata
Randrianantoanina [10]. They showed that, for rearrangement invariant spaces of vector valued functions, isometries
are generalized weighted composition operators. For spaces A1,p(X) the surjective isometries are perturbations of
integral operators.
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with the knowledge that the hermitian are generators of one parameter groups of isometries. This approach has been
used by others (see Berkson, Fleming and Jamison [3], Berkson and Sourour [4]) in different settings.
Finally, we establish conditions for two hermitian operators to be isometrically equivalent, i.e. when two such
operators are intertwined by a surjective isometry.
In what follows X will be a separable complex Banach space with no nontrivial L1-projections and not isometri-
cally isomorphic to Lp([0,1],X), where 1 < p < ∞, p = 2. In Section 3.3 we will add the condition that X is not
the lp-direct sum of two nonzero Banach spaces (for the same p).
We will often refer to the following: since every f ∈ A1,p(X) is an absolutely continuous function f : [0,1] → X
differentiable a.e., it follows that for every f ∈ A1,p(X) we have
f (t) = f (0) +
t∫
0
df
ds
(s) ds, 0 t  1. (1)
2. Preliminary results
We recall that a projection P : X → X is an L1-projection such that for every x ∈ X
‖x‖X = ‖Px‖X +
∥∥(I − P)x∥∥
X
(see [2, p. 5]).
In particular, the mapping f 	→ f (0) is an L1- projection from the space A1,p(X) into A1,p(X).
Lemma 1. A1,p(X) is isometrically isomorphic to X ⊕1 Lp([0,1],X).
Proof. It is easy to see that every f ∈ A1,p(X) can be identified to (f (0), f ′) ∈ X⊕1 Lp([0,1],X) and every (x, g) ∈
X ⊕1 Lp([0,1],X) corresponds to f (t) = x +
∫ t
0 g(ζ ) dζ ∈ A1,p(X). 
Lemma 2. Suppose that 1 < p < ∞. Let P be any L1-projection on X ⊕1 Lp([0,1],X), and let Q be the projection
defined by Q(x,f ) = (x,0). Then, for any x ∈ X and f ∈ Lp([0,1],X)
(I − Q) ◦ P(x,0) = (0,0) = Q ◦ P(0, f ).
Thus, the restriction of P to X ⊕1 {0} (respectively to {0} ⊕1 Lp([0,1],X)) is an L1-projection.
Proof. First, we prove that if P(x,0) = (y, g) then g = 0. Since P is an L1-projection, we have
‖x‖X =
∣∣∣∣∣∣(x,0)∣∣∣∣∣∣= ∣∣∣∣∣∣P(x,0)∣∣∣∣∣∣+ ∣∣∣∣∣∣(I − P)(x,0)∣∣∣∣∣∣= ∣∣∣∣∣∣(y, g)∣∣∣∣∣∣+ ∣∣∣∣∣∣(x − y,−g)∣∣∣∣∣∣
= ‖y‖X + ‖g‖p + ‖x − y‖X + ‖g‖p
and therefore,
‖x‖X − ‖y‖X  ‖x − y‖X  ‖x‖X − ‖y‖X.
We must have then equality, and with this, the previous relation gives us that ‖g‖p = 0, so g = 0. Similarly,
P(0, f ) = (0, g), for every f ∈ Lp([0,1],X).
Immediately, it follows that
Q ◦ P(0, f ) = Q(0, g) = (0,0)
and
(I − Q) ◦ P(x,0) = P(x,0) − Q ◦ P(x,0) = (0,0),
since
P(x,0) = (y,0) = Q(y,0) = Q ◦ P(x,0).
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(I − P)(x,0) = (x,0) − P(x,0) = (x,0) − Q ◦ P(x,0) = (I − Q ◦ P)(x,0).
Since P is an L1-projection, we have that for every (x,0) ∈ X ⊕1 Lp([0,1],X)∣∣∣∣∣∣(x,0)∣∣∣∣∣∣= ∣∣∣∣∣∣P(x,0)∣∣∣∣∣∣+ ∣∣∣∣∣∣(I − P)(x,0)∣∣∣∣∣∣
= ∣∣∣∣∣∣Q ◦ P(x,0)∣∣∣∣∣∣+ ∣∣∣∣∣∣(I − Q ◦ P)(x,0)∣∣∣∣∣∣.
It is not difficult to see that Q is an L1-projection from X ⊕1 Lp([0,1],X) into X ⊕1 {0}. From the linearity of P and
Q it follows
Q ◦ P(x,f ) = Q ◦ P ((x,0) + (0, f ))= Q ◦ P(x,0) + Q ◦ P(0, f ) = Q ◦ P(x,0).
P is a projection, so we have
(Q ◦ P)2(x,0) = Q ◦ P (Q ◦ P(x,0))= Q ◦ P (P(x,0))= Q ◦ P(x,0),
and therefore
(Q ◦ P)2(x, f ) = (Q ◦ P)2(x,0) = Q ◦ P(x,0) = Q ◦ P(x,f ).
We can see that
Q ◦ P(x,f ) = Q ◦ P(x,0) = Q ◦ P ◦ Q(x,f )
and
P ◦ Q(x,f ) = P(x,0) = Q ◦ P(x,0) = Q ◦ P(x,f ).
Thus the restriction of P to X ⊕1 {0} is an L1-projection. Similarly, the restriction of P to {0} ⊕1 Lp([0,1],X) is an
L1-projection. 
Lemma 3. If T is a surjective isometry of X ⊕1 Lp([0,1],X), 1 < p < ∞, then for every L1-projection P on
X ⊕1 Lp([0,1],X), T PT −1 is an L1-projection on X ⊕1 Lp([0,1],X).
Proof. It is easy to see that, if P is an L1-projection on X ⊕1 Lp([0,1],X), T PT −1 is a projection on X ⊕1
Lp([0,1],X) (i.e. linear and idempotent). Since T and T −1 are isometries, we have∣∣∣∣∣∣(x, f )∣∣∣∣∣∣= ∣∣∣∣∣∣T −1(x, f )∣∣∣∣∣∣= ∣∣∣∣∣∣PT −1(x, f )∣∣∣∣∣∣+ ∣∣∣∣∣∣(I − P)T −1(x, f )∣∣∣∣∣∣
= ∣∣∣∣∣∣T PT −1(x, f )∣∣∣∣∣∣+ ∣∣∣∣∣∣T (I − P)T −1(x, f )∣∣∣∣∣∣
= ∣∣∣∣∣∣T PT −1(x, f )∣∣∣∣∣∣+ ∣∣∣∣∣∣(I − T PT −1)(x, f )∣∣∣∣∣∣. 
Lemma 4. For any Banach space X and any 1 < p < ∞, Lp([0,1],X) has no nontrivial L1-projections.
Proof. Suppose that Lp([0,1],X) has a nontrivial L1-projection. Then there are subspaces Y = {0} and Z = {0} of
Lp([0,1],X) such that
Lp
([0,1],X)= Y ⊕1 Z.
Let f be any nonzero element of Y and g any nonzero element of Z. We have∥∥∥∥(f + g)(·)∥∥
X
∥∥
p
= ∥∥∥∥f (·)∥∥
X
∥∥
p
+ ∥∥∥∥g(·)∥∥
X
∥∥
p
.
Using triangle inequality and Minkowski’s inequality we have∥∥∥∥(f + g)(·)∥∥
X
∥∥
p

∥∥∥∥f (·)∥∥
X
+ ∥∥g(·)∥∥
X
∥∥
p

∥∥∥∥f (·)∥∥
X
∥∥
p
+ ∥∥∥∥g(·)∥∥
X
∥∥
p
,
so we must have equality everywhere. Since Lp([0,1]) is strictly convex and therefore we have that f and g must
have the same direction, so∥∥f (·)∥∥ = c∥∥g(·)∥∥ for a positive constant c.X X
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X
∥∥
p
= (c + 1)∥∥∥∥g(·)∥∥
X
∥∥
p
.
We have shown that if h1 ∈ Y, and h2 ∈ Z, we have∥∥h1(·)∥∥X = c1∥∥g(·)∥∥X,
and ∥∥h2(·)∥∥X = c2∥∥f (·)∥∥X = (c2c)∥∥g(·)∥∥X.
It seems that for every h ∈ Lp([0,1],X), ‖h(·)‖X belongs to the scalar positive Lp, which by the previous relation is
reduced to one-dimensional space. This is a contradiction. 
Theorem 5. Let 1 < p < ∞ and X a Banach space with no nontrivial L1-projections and not isometrically isomorphic
to Lp([0,1],X). If T is surjective isometry on X ⊕1 Lp([0,1],X) then T (X ⊕1 {0}) = X ⊕1 {0} and T ({0} ⊕1
Lp([0,1],X)) = {0} ⊕1 Lp([0,1],X).
Proof. Since we assumed that X has no nontrivial L1-projections, it follows that the only L1-projections on X ⊕1
Lp([0,1],X) are 0 × 0, Id × Id, 0 × Id, Id × 0, i.e. the trivial ones and the L1-projections on the first coordinate
and the L1-projections on the second coordinate.
Let P a nontrivial L1-projection to X. Assume that T PT −1 = I − P. It follows that T P = T − PT . Therefore,
for every (x, f ) ∈ X ⊕1 Lp([0,1],X) with T (x,f ) = (y, g) we have
T P (x,f ) = T (x,f ) − PT (x,f ) = (y, g) − P(y,g) = (y, g) − (y,0) = (0, g),
and hence
T (x,0) = (0, g).
We see that the restriction T |X⊕1{0} is surjective in {0} ⊕1 Lp([0,1],X) since for every g ∈ Lp([0,1],X),
(0, g) = (y, g) − (y,0) = (I − P)(y, g) = T PT −1(y, g),
for every y ∈ X. Since T is surjective operator on X⊕1 Lp([0,1],X) we must have (x, f ) ∈ X⊕1 Lp([0,1],X) such
that
(y, g) = T (x,f ).
It follows that
(0, g) = T PT −1(y, g) = T P (x,f ) = T (x,0).
So, for every g ∈ Lp([0,1],X), there is an x ∈ X, such that T (x,0) = (0, g). This is a contradiction with the assump-
tion that X is not isometrically equivalent to Lp([0,1],X). Therefore, we must have that T PT −1 = P. This gives us
that T P = PT and
T (x,0) = T P (x,f ) = PT (x,f ) = P(y,g) = (y,0).
So, if T (x,f ) = (y, g), then we have T (x,0) = (y,0). Hence T (0, f ) = (0, g). Also, it is easy to see that T |X⊕1{0}
and T |{0}⊕1Lp([0,1],X) are surjective. 
Corollary 6. Let 1 < p < ∞, p = 2 and X a Banach space with no nontrivial L1-projections and not isometrically
isomorphic to Lp([0,1],X). If T is a surjective isometry on A1,p(X), then T takes constant functions to constant
functions.
If we denote the restriction of T to X by T0 : X → X, for the constant function v(x) = v, we have T (v)(x) = T0v.
It is easy to see that T0 is a surjective isometry on X.
Let us define the subspace of A1,p(X)
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1,p
0 (X) =
{
f ∈ A1,p(X): f (0) = 0}
=
{
f ∈ A1,p(X): f (x) =
x∫
0
f ′(s) ds
}
,
by (1). We can see that A1,p0 (X) is a closed subspace of A
1,p(X) and it is isometrically isomorphic to {0} ⊕1
Lp([0,1],X).
Remark 7. If f ∈ A1,p(X) then
(Tf )(0) = T0
[
f (0)
]
and ∥∥(Tf )′∥∥
p
= ∥∥f ′∥∥
p
.
Proof. If f ∈ A1,p(X) let f˜ (x) = f (x) − f (0). Hence f˜ ∈ A1,p0 (X) and f (x) = f (0) + f˜ (x). We have
T (f )(x) = T (f (0))+ T (f˜ )(x) = T0(f (0))+ T (f˜ )(x).
Since A1,p0 (X) is a closed subspace of A
1,p(X) under T , it follows that T (f˜ ) ∈ A1,p0 (X), therefore
(Tf )(0) = T0
[
f (0)
]
.
Also,
|||Tf ||| = ∥∥(Tf )(0)∥∥
X
+ ∥∥(Tf )′∥∥
p
= ∥∥T0[f (0)]∥∥X + ∥∥(Tf )′∥∥p.
Since T and T0 are isometries on A1,p(X), respectively X, we have
|||f ||| = ∥∥f (0)∥∥
X
+ ∥∥f ′∥∥
p
= |||Tf ||| = ∥∥T0[f (0)]∥∥X + ∥∥(Tf )′∥∥p = ∥∥f (0)∥∥X + ∥∥(Tf )′∥∥p,
so ∥∥(Tf )′∥∥
p
= ∥∥f ′∥∥
p
. 
3. Main results
3.1. Surjective isometries of A1,p(X)
Here we describe the surjective isometries of A1,p(X).
Theorem 8. Let 1 < p < ∞, p = 2, and X a Banach space with no nontrivial L1-projections and not isometrically
equivalent to Lp([0,1],X). T is a surjective isometry of A1,p(X) if and only if there is a surjective isometry U of
Lp([0,1],X) and a surjective isometry T0 of X such that
Tf (x) = T0
[
f (0)
]+
x∫
0
U
(
f ′
)
(t) dt.
Proof. Let U to be a surjective isometry of Lp([0,1],X) and T0 a surjective isometry of X. Define
Tf (x) = T0f (0) +
x∫
0
U
(
f ′
)
(t) dt.
It is obvious that Tf ∈ A1,p(X). We check that T is an isometry of A1,p(X):
|||Tf ||| = ∥∥Tf (0)∥∥ + ∥∥(Tf )′∥∥ = ∥∥T0[f (0)]∥∥ + ∥∥U(f ′)∥∥ = ∥∥f (0)∥∥ + ‖f ′‖p = |||f |||.X p X p X
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g′ ∈ Lp([0,1],X) and, by (1) we can consider
g(x) = g(0) +
x∫
0
g′(t) dt.
Since T0 and U are surjective operators on X and Lp([0,1],X) respectively, there is a vector v ∈ X and a vector
valued function h ∈ Lp([0,1],X) such that
T0v = g(0)
and
U(h) = g′.
Consider the function
f (x) = v +
x∫
0
h(t) dt.
It is clear that f is absolutely continuous. Hence f ∈ A1,p(X) and from
Tf (x) = T0
[
f (0)
]+
x∫
0
U
(
f ′
)
(t) dt = T0v +
x∫
0
U(h)(t) dt = g(0) +
x∫
0
g′(t) dt = g(x).
Thus, T is a surjective isometry of A1,p(X).
Let now, T be a surjective isometry of A1,p(X). We want to show that A1,p0 (X) is invariant under T , so let
f ∈ A1,p0 (X). By Remark 7, there is a surjective isometry T0 of X such that
(Tf )(0) = T0
[
f (0)
]= T0(0) = 0.
So Tf ∈ A1,p0 (X). This is also true for T −1. Now, if g ∈ A1,p0 (X), there is a function h ∈ A1,p(X) such that
T h = g.
Then, T h ∈ A1,p0 (X) and h = T −1g ∈ A1,p0 (X). Therefore T restricted to A1,p0 (X) is surjective.
Let D : A1,p0 (X) → Lp([0,1],X) be defined by:
Df (x) = f ′(x).
Since
‖Df ‖p = |||f |||,
D is an isometry. To prove that D is surjective, let f ∈ Lp([0,1],X) and consider
g(x) =
x∫
0
f (t) dt.
For any x ∈ [0,1]
∥∥g(x)∥∥
X
=
∥∥∥∥∥
x∫
0
f (t) dt
∥∥∥∥∥
X

x∫
0
∥∥f (t)∥∥
X
dt 
( x∫
0
∥∥f (t)∥∥p
X
dt
)1/p( x∫
0
1q dt
)1/q

( 1∫ ∥∥f (t)∥∥p
X
dt
)1/p
< ∞,0
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Let V : Lp([0,1],X) → A1,p0 (X) be defined by:
Vf (x) =
x∫
0
f (s) ds.
Since
Vf (0) = 0,
we have
|||Vf ||| = ‖f ‖p,
hence V is an isometry. To see that V is surjective, let g ∈ A1,p0 (X). This means that g ∈ AC([0,1],X), g′ ∈
Lp([0,1],X), and
g(0) = 0.
By (1), g being absolutely continuous, can be represented as
g(x) = g(0) +
x∫
0
g′(t) dt =
x∫
0
g′(t) dt.
Therefore, for every g ∈ A1,p0 (X), there is an f = g′ ∈ Lp([0,1],X) such that g = Vf.
Consider
U = D ◦ T ◦ V
defined on Lp([0,1],X). U is a surjective operator on Lp([0,1],X) and an isometry on Lp([0,1],X) since for every
f ∈ Lp([0,1],X) yields
‖Uf ‖p = ‖DTVf ‖p = |||T Vf ||| = |||Vf ||| = ‖f ‖p.
By (1) we have, for any f ∈ A1,p(X),
Tf (x) = T0
[
f (0)
]+
x∫
0
(Tf )′(t) dt.
To calculate (Tf )′(x) we see
Vf ′(x) = f (x) − f (0) = IX
(
f − f (0))(x),
T Vf ′(x) = Tf (x) − T0
[
f (0)
]
by Remark 7,
U
(
f ′
)
(x) = DTVf ′(x) = (Tf )′(x),
so, we have Tf (x) = T0[f (0)] +
∫ x
0 U(f
′)(t) dt. 
The next corollary follows from Sikorski’s result (see Royden [11, Proposition 3 (Sikorski), p. 397]) and Sourour’s
theorem (see Sourour [12, Theorem 5.2, p. 283]).
Corollary 9. Let X be a separable complex Banach space with no nontrivial L1-projections and not isometrically
isomorphic to Lp([0,1],X), where 1 < p < ∞, p = 2. We further assume that X is not the lp-direct sum of two
nonzero Banach spaces ( for the same p). T is a surjective isometry of A1,p(X) if and only if there is a Borel mea-
surable mapping ϕ of [0,1] onto (almost all of ) [0,1], a strongly measurable map V of [0,1] into B(X) with V (x)
a surjective isometry of X for almost all x ∈ [0,1], and h = (dτ/dμ)1/p, where τ(·) = μ(ϕ(·)), and a surjective
isometry T0 of X such that
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[
f (0)
]+
x∫
0
V (t)h(t)f ′
(
ϕ(t)
)
dt.
Remark 10. The result of the previous corollary is valid also for the case of X being a complex separable Hilbert
space (see Cambern [5]).
3.2. Hermitian operators on A1,p(X)
In this section we describe the norm hermitian operators on A1,p(X). In addition we determine necessary and
sufficient conditions for two such operators to be isometrically equivalent, which will be stated in the next section. We
recall the following definitions.
Definition 11. A semi-inner product (s.i.p.) on a Banach space X is a function [ , ] : X × X → C such that
(i) [αx + y, z] = α[x, z] + [y, z], for x, y, z ∈ X and α ∈ C,
(ii) [x, x] 0 and equality holds only if x = θ,
(iii) |[x, y]| [x, x]1/2[y, y]1/2.
The s.i.p. is said to be compatible with the norm on X if
(iv) ‖x‖2 = [x, x] for every x ∈ X [6, p. 171].
Definition 12. An operator B on a complex Banach space X is said to be hermitian if and only if one of the following
equivalent conditions hold:
(i) ‖eiαB‖ = 1, for all α ∈ R,
(ii) B is the generator of a uniformly continuous group of isometries,
(iii) ‖eiαB‖ 1 for α ∈ R,
(iv) ‖I + iαB‖ = 1 + o(α) as α → 0, or
(iv) W(B) = {[Bx, x] | [x, x] = 1} ⊂ R, where [ , ] is a s.i.p. compatible with the norm on X [6, p. 171].
Definition 13. A family {Tt : t ∈ R} of linear operators from a Banach space X to X is called a uniformly continuous
group of isometries if
(i) ‖Tt‖ < ∞, for all t ∈ R,
(ii) T0f = f , for every f ∈ X,
(iii) Tt+sf = TtTsf , for all t, s ∈ R, and every f ∈ X,
(iv) ‖Ttf ‖ = ‖f ‖, for every f ∈ X,
(v) t → Ttf is continuous for t real, and for every f ∈ X [7, p. 22].
In addition we will use the following result.
Theorem 14. (See [12, Theorem 4.2, p. 281].) Let X be a separable Banach space and (Ω,Σ,μ) be a finite measure
space. An operator H on Lp(Ω,X), 1 p < ∞, p = 2, is hermitian if and only if
(Hf )(·) = A(·)f (·),
for a hermitian valued strongly measurable map A : Ω → B(X).
Using this result, we can now characterize the hermitian operators on A1,p(X).
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equivalent to Lp([0,1],X). B is a hermitian operator on A1,p(X) if and only if there is a strongly measurable
hermitian operator valued function B(·) acting on Lp([0,1],X) and a hermitian operator valued function B0 acting
on X such that
(Bf )(x) = B0
[
f (0)
]+
x∫
0
B(t)f ′(t) dt.
Proof. Let B to be a hermitian operator on A1,p(X). Then there is a uniformly continuous one parameter group of
isometries {Tt : t ∈ R} on A1,p(X). Formally, for each t real,
Tt = eitB, where B =
(
−i d
dt
Tt
)
t=0
.
If we fix t real, by Corollary 6, Tt takes constant functions to constants and for a constant function v(x) = v, by
Remark 6, there is a surjective isometry T 0t on X such that
Ttv(x) = T 0t v.
We claim that {T 0t : t ∈ R} is a uniformly continuous one parameter group of isometries on X.
Let us check the conditions of the definition of a uniformly continuous one parameter group of isometries:
(i)
∥∥T 0t ∥∥= sup{∥∥T 0t v∥∥X: v ∈ X, ‖v‖X  1}= sup{|||Ttv|||: v ∈ A1,p, v(x) = v, |||v||| = ‖v‖X  1}< ∞,
for all t ∈ R,
(ii) T 00 v = T0v(x) = v(x) = v, for every v ∈ X,
(iii) T 0t+sv = Tt+sv(x) = TtTsv(x) = T 0t T 0s v, for all t, s ∈ R, and v ∈ X,
(iv)
∥∥T 0t v∥∥X = |||Ttv||| = |||v||| = ‖v‖X, for every v ∈ X,
(v)
∥∥T 0t v − T 00 v∥∥X = |||Ttv − T0v|||.
Since t → Ttv is continuous for t real, and v ∈ X , we have t → T 0t v is continuous for t real, and v ∈ X. Hence, there
is hermitian operator B0 on X such that, for each t real,
T 0t = eitB0 .
As in the proof of the Theorem 8, define the operators V and D by:
(Vg)(x) =
x∫
0
g(t) dt,
where V : Lp([0,1],X) → A1,p0 (X); and
(Dg)(x) = g′(x),
where D : A1,p0 (X) → Lp([0,1],X). We have shown that V and D are surjective isometries. Now, consider the
operator
Ut = DTtV : Lp
([0,1],X)→ Lp([0,1],X).
Let us check the conditions of the definition of the uniformly continuous group of isometries:
(i) U0 = DT0V = DIA1,p0 (X)V = DV = ILp([0,1],X),
(ii) Ut Ut f = DTt V (DTt V )f = DTt Tt Vf = DTt +t Vf = Ut +t f,1 2 1 2 1 2 1 2 1 2
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∥∥D(TtVf )∥∥p = ∣∣∣∣∣∣Tt (Vf )∣∣∣∣∣∣= |||Vf ||| = ‖f ‖p,
(iv) ‖Utf − U0f ‖p = ‖DTtVf − DVf ‖p =
∥∥D(TtVf − Vf )∥∥p = |||TtVf − Vf |||.
Since Tt is uniformly continuous, Ut is uniformly continuous. Then {Ut : t ∈ R} is a uniformly continuous one pa-
rameter group of isometries on Lp([0,1],X). Therefore, there is a hermitian operator MB on Lp([0,1],X) such
that
Ut = eitMB , for every t real.
For any f ∈ A1,p0 (X), we have that
Df ∈ Lp([0,1],X),
MBDf ∈ Lp
([0,1],X)
and
VMBDf ∈ A1,p0 .
Now, let us look at:
Bf (x) = I
A
1,p
0 (X)
BI
A
1,p
0 (X)
f (x)
= VDBVDf (x)
= VD
(
−i d
dt
Tt
)
t=0
VDf (x)
= V
[
−i d
dt
(DTtV )
]
t=0
Df (x)
= V
(
−i d
dt
Ut
)
t=0
Df (x)
= VMBDf (x)
= VMBf ′(x)
=
x∫
0
MBf
′(t) dt.
Applying Theorem 14 to the hermitian operator MB , we obtain a hermitian valued strongly measurable operator B on
[0,1] into B(X) such that:
(MBf )(x) = B(x)f (x).
So,
Bf (x) =
x∫
0
MBf
′(t) dt =
x∫
0
B(t)f ′(t) dt.
Let f, f˜ ∈ A1,p(X) such that
f˜ (x) = f (x) − f (0).
Then f˜ ∈ A1,p0 (X) and, therefore
Bf˜ (x) =
x∫
0
B(t)(f˜ )′(t) dt =
x∫
0
B(t)f ′(t) dt,
Tt f˜ (x) = Ttf (x) − Ttf (0) = Ttf (x) − T 0t f (0),
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eitBf (x) = eitBf˜ (x) + eitB0f (0).
Taking the derivative of this with respect of t , when t = 0, we get:
Bf (x) = B0
[
f (0)
]+ Bf˜ (x) = B0[f (0)]+
x∫
0
B(t)f ′(t) dt.
For the sufficiency, let us assume that there is a strongly measurable hermitian operator valued function B(·) acting
on Lp([0,1],X) and a hermitian operator valued function B0 acting on X such that
(Bf )(x) = B0
[
f (0)
]+
x∫
0
B(t)f ′(t) dt.
To prove that B is a hermitian operator, we will consider the function
[ , ] : A1,p(X) × A1,p(X) → C,
defined by:
[f,g] = |||g|||
{[
f (0),
g(0)
‖g(0)‖X
]
X
+
1∫
0
[
f ′(t), g′(t)
]
X
‖g′(t)‖p−2X
‖g′‖p−1p
dt
}
,
where [ , ] is the semi-inner product compatible with the norm on X. We claim that the function just defined is a
semi-inner product compatible with the norm on A1,p(X). The linearity in the first argument, and the nonnegativity
of this function are obvious. It remains to check:
|||f |||2 = [f,f ],
and ∣∣[f,g]∣∣ [f,f ]1/2[g,g]1/2,
for every f,g ∈ A1,p(X)
[f,f ] = |||f |||
{[
f (0),
f (0)
‖f (0)‖X
]
X
+
1∫
0
[
f ′(t), f ′(t)
]
X
‖f ′(t)‖p−2X
‖f ′‖p−1p
dt
}
= |||f |||
{∥∥f (0)∥∥
X
+ ‖f
′‖pp
‖f ′‖p−1p
}
= |||f |||{∥∥f (0)∥∥
X
+ ‖f ′‖p
}
= |||f |||2,
∣∣[f,g]∣∣ |||g|||
{∣∣∣∣
[
f (0),
g(0)
‖g(0)‖X
]
X
∣∣∣∣+
1∫
0
∣∣[f ′(t), g′(t)]
X
∣∣‖g′(t)‖p−2X
‖g′‖p−1p
dt
}
 |||g|||
{∥∥f (0)∥∥
X
∥∥∥∥ g(0)‖g(0)‖X
∥∥∥∥
X
+
1∫
0
∥∥f ′(t)∥∥
X
‖g′(t)‖p−2+1X
‖g′‖p−1p
dt
}
 |||g|||
{∥∥f (0)∥∥
X
+ ‖f
′‖p
‖g′‖p−1p
( 1∫ (∥∥g′(t)∥∥p−1
X
)q
dt
)1/q}
0
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{∥∥f (0)∥∥
X
+ ‖f
′‖p
‖g′‖p−1p
‖g′‖p/qp
}
= |||g|||{∥∥f (0)∥∥
X
+ ‖f ′‖p
}
= |||g||||||f |||.
In order to prove that B is a hermitian operator, let us check if [Bf,f ] is real, for any f ∈ A1,p(X).
[Bf,f ] = |||f |||
{[
Bf (0),
f (0)
‖f (0)‖X
]
X
+
1∫
0
[
(Bf )′(t), f ′(t)
]
X
‖f ′(t)‖p−2X
‖f ′‖p−1p
dt
}
= |||f |||
{[
B0
[
f (0)
]
,
f (0)
‖f (0)‖X
]
X
+
1∫
0
[
B(t)f ′(t), f ′(t)
]
X
‖f ′(t)‖p−2X
‖f ′‖p−1p
dt
}
.
Since B0, and B(t) are hermitian operators on X, and on Lp([0,1],X), respectively, for every t ∈ [0,1],
[B0[f (0)], f (0)‖f (0)‖X ]X, and [B(t)f ′(t), f ′(t)]X are real, for any f ∈ A1,p(X), and almost all t ∈ [0,1]. This com-
pletes the proof of B being a hermitian operator on A1,p(X). 
3.3. Isometric equivalence of a class of integral operators
We further assume that X is not the lp-direct sum of two nonzero Banach spaces (for the same p).
We define the integral operators A and B
Af (x) = A0
[
f (0)
]+
x∫
0
A(t)f ′(t) dt,
Bf (x) = B0
[
f (0)
]+
x∫
0
B(t)f ′(t) dt,
by two operators A0 and B0 in B(X), and two strongly measurable B(X)-valued functions A and B with A(·) and
B(·) acting on Lp([0,1],X), such that ‖A(·)‖,‖B(·)‖ ∈ L∞[0,1].
The following simple inequalities show that A and B are bounded operators on A1,p(X).∣∣∣∣∣∣Af (x)∣∣∣∣∣∣= ∥∥A0[f (0)]∥∥X + ∥∥A(·)f ′(·)∥∥p
 ‖A0‖
∥∥f (0)∥∥
X
+ ∥∥A(·)∥∥∥∥f ′(·)∥∥
p
max
{‖A0‖,∥∥A(·)∥∥}∥∥f (0)∥∥X + max{‖A0‖,∥∥A(·)∥∥}∥∥f ′(·)∥∥p
= max{‖A0‖,∥∥A(·)∥∥}(∥∥f (0)∥∥X + ∥∥f ′(·)∥∥p)
= max{‖A0‖,∥∥A(·)∥∥}|||f |||.
In the following, we are interested to find the conditions such that integral operators A and B on A1,p(X) are
isometrically equivalent. This class of integral operators include the hermitian operators on A1,p(X).
Theorem 16. Let 1 < p < ∞, p = 2, and X a Banach space with no nontrivial L1-projections, not isometrically
equivalent to Lp([0,1],X) and not the lp-direct sum of two nonzero Banach spaces ( for the same p). A is isometri-
cally equivalent to B if and only if there is an invertible isometry T0 of B(X), a Borel measurable mapping ϕ of the
measure space onto itself, and a strongly measurable operator-valued function V defined on [0,1], where V (x) is a
surjective isometry of X onto itself for almost every x ∈ [0,1], such that
B
(
ϕ(x)
)
v = V (x)−1A(x)V (x)v,
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B0 = T −10 A0T0.
Proof. If A is isometrically equivalent to B, then there is a surjective isometry T of A1,p(X) such that TB=AT .
By the Corollary 9, there is a Borel measurable mapping ϕ of the measure space [0,1] onto (almost all of ) [0,1],
a strongly measurable operator-valued function V of [0,1] into B(X) with V (x) a surjective isometry of X for almost
all x ∈ [0,1], and h = (dτ/dμ)1/p, where τ(·) = μ(ϕ(·)), and a surjective isometry T0 of X such that
Tf (x) = T0
[
f (0)
]+
x∫
0
V (t)h(t)f ′
(
ϕ(t)
)
dt.
So, we have:
AT (f )(x) = A0
[
(Tf )(0)
]+
x∫
0
A(t)(Tf )′(t) dt
= A0T0
[
f (0)
]+
x∫
0
A(t)V (t)h(t)f ′
(
ϕ(t)
)
dt,
and
TB(f )(x) = T0
[
(Bf )(0)]+
x∫
0
V (t)h(t)(Bf )′(ϕ(t))dt
= T0B0
[
f (0)
]+
x∫
0
V (t)h(t)B
(
ϕ(t)
)
f ′
(
ϕ(t)
)
dt.
The equality TBf (x) =ATf (x), for every f ∈ A1,p(X) is equivalent to:
A0T0
[
f (0)
]+
x∫
0
A(t)V (t)h(t)f ′
(
ϕ(t)
)
dt
= T0B0
[
f (0)
]+
x∫
0
V (t)h(t)B
(
ϕ(t)
)
f ′
(
ϕ(t)
)
dt. (2)
Let v be any vector of X and f to be the constant function f (x) = v, ∀x. Then
A0T0v = T0B0v.
Now, consider the function f (x) = xv,∀x. Then (2) becomes:
x∫
0
A(t)V (t)h(t)v dt =
x∫
0
V (t)h(t)B
(
ϕ(t)
)
v dt. (3)
Taking the derivative of (3) with respect to x, we obtain
A(x)V (x)h(x)v = V (x)h(x)B(ϕ(x))v,
outside of a set of measure zero Ω0. Let Ωh be the measure zero subset of [0,1], such that h is invertible outside of
the Ωh. Therefore on [0,1]\(Ωh ∪ Ω0), the previous relation is equivalent to
V (x)−1A(x)V (x)v = B(ϕ(x))v.
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itself, and a strongly measurable operator-valued function V defined on [0,1], where V (x) is a surjective isometry of
X onto itself for almost every x ∈ [0,1], such that
B
(
ϕ(x)
)
v = V (x)−1A(x)V (x)v,
∀v ∈ X, and
B0 = T −10 A0T0.
By Sikorski’s result (see Royden [11, Proposition 3 (Sikorski), p. 397]) and Sourour’s theorem (see Sourour [12,
Theorem 5.2, p. 283]), the operator
U(f )(x) = V (x)h(x)f (ϕ(x))
is an isometry of Lp([0,1],X) onto itself, where
h = (dτ/dμ)1/p,
and
τ(·) = μ(ϕ(·)).
Consider
Tf (x)=T0
[
f (0)
]+
x∫
0
U
(
f ′
)
(t) dt.
We can prove that T is an isometry of A1,p(X) onto itself.∣∣∣∣∣∣Tf (x)∣∣∣∣∣∣= ∥∥Tf (0)∥∥
X
+ ∥∥(Tf )′∥∥
p
= ∥∥T0[f (0)]∥∥X + ∥∥U(f ′)∥∥p = ∥∥f (0)∥∥X + ‖f ′‖p = |||f |||.
Let us check now that AT (f )(x) = TB(f )(x), for any function f of A1,p(X).
AT (f )(x) = A0
[
Tf (0)
]+
x∫
0
A(t)(Tf )′(t) dt
= A0T0
[
f (0)
]+
x∫
0
A(t)U(f ′)(t) dt
= A0T0
[
f (0)
]+
x∫
0
A(t)V (t)h(t)f ′
(
ϕ(t)
)
dt
= T0B0f (0) +
x∫
0
h(t)V (t)B
(
ϕ(t)
)
f ′
(
ϕ(t)
)
dt
and
TB(f )(x) = T0
[Bf (0)]+
x∫
0
U
(
(Bf )′)(t) dt
= T0B0
[
f (0)
]+
x∫
h(t)V (t)(Bf )′(ϕ(t))dt0
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[
f (0)
]+
x∫
0
h(t)V (t)(Bf )′(ϕ(t))dt
= T0B0
[
f (0)
]+
x∫
0
h(t)V (t)B
(
ϕ(t)
)
f ′
(
ϕ(t)
)
dt.
Therefore, AT = TB. 
Let A and B be two hermitian operators on A1,p(X). Then there are two hermitian operators A0 and B0 on B(X),
and two strongly measurable hermitian operator vector-valued functions A(·) and B(·) acting on Lp([0,1],X), such
that:
Af (x) = A0
[
f (0)
]+
x∫
0
A(t)f ′(t) dt,
Bf (x) = B0
[
f (0)
]+
x∫
0
B(t)f ′(t) dt.
The next corollary follows directly from the previous theorem.
Corollary 17. Let 1 < p < ∞, p = 2, and X a Banach space with no nontrivial L1-projections, not isometrically
equivalent to Lp([0,1],X) and not the lp-direct sum of two nonzero Banach spaces ( for the same p). A is isometri-
cally equivalent to B on A1,p(X) if and only if there is an invertible isometry T0 of B(X), a measurable mapping ϕ of
[0,1] onto (almost all of ) [0,1] and a strongly measurable operator-valued function V defined on [0,1], where V (x)
is a surjective isometry of X onto itself for almost every x ∈ [0,1], such that
B
(
ϕ(x)
)
v = V (x)−1A(x)V (x)v,
for every v, and
B0 = T −10 A0T0.
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